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1 Introduction

We propose ChordDyn, a novel method for generating chord progressions which does not depend
on existing compositions, complex rules, or human input. ChordDyn utilizes a chaotic mapping
onto a set of symbols to generate chord progressions. The symbols and their arrangement are
prescribed by the Tonnetz, a representation of musical pitches as vertices on a doubly-periodic sim-
plectic mesh; the triangular faces of this mesh are triads, or collections of three pitches. ChordDyn
uses the nonlinear double pendulum as the chaotic attractor of interest, as it has two loosely-
coupled periodic degrees of freedom, and maps a given trajectory onto the Tonnetz. The sequence
in which each triangle on the mesh is visited is used to generate the chord progressions. The re-
sulting chord progressions show strong voice leading and low perceptual distance under metrics
which correlate with positive listening experiences.

1.1 Related Work

Computer-aided music composition has a rich history, from the generation of phrases using strict
rules, such as generative grammars in [7], to approaches using machine learning techniques, such
as genetic algorithms in [8] or long short-term memory (LSTM) networks in [3], to synthesize
existing compositions. Many of these techniques are limited by the need for a large corpus of
existing compositions to train on, which raises a number of practical and ethical issues, or by the
need for a human composer to provide a starting point and feedback. Other approaches, such
as ChordAlIS [11] and ConChord [2], utilize a combination of rule-based and statistical methods
centered around Bernardes” Tonal Interval Space, which examines the relationships between the
Fourier coefficients of chroma vectors [1]. These approaches are of particular interest to our work,
as the Tonal Interval Space can be viewed as a continuous extension of the chord space we utilize,
the Tonnetz.

Few attempts have been made to utilize chaos in computer-aided music composition. Most
notably, Dabby utilized existing compositions to define a chaotic mapping to generate musical
variations, leveraging the attractor’s sensitivity to initial conditions to reorder pitches, chords, and
rhythmic events according to the difference between two trajectories on a Lorenz attractor [5].



2 Methods

2.1 Pitch Class Set and Tonal Interval Vector Representations of Chords

In order to represent music computationally, we consider notes as pitch classes, a mathematical
abstraction of pitches which ignores octave information. Each pitch class is represented as an
integer modulo 12. Conventionally, the pitch class of a note is the number of semitones above the
note C. Chords are represented as pitch class sets (pc-sets), a collection of pitches represented as a
set of integers S C Z1,. See Figure[l|for an example of the pc-set representations of several chords.
Note, the pitch classes 10 and 11 are represented with the symbols x and €, respectively.
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Figure 1: Example pc-set representations of several chords: C major (C), consisting of C, E, and G
(left); C minor (Cm), consisting of C, E flat, and G (center); and G major seventh (G7), consisting
of G, B, D, and F (left).

While the pc-set representation of chords is useful for our chaotic mapping, it does not capture
the harmonic relationships between chords. To that end, we will utilize the Tonal Interval Space
(TIS) as proposed by Bernardes in [1]. The TIS represents each pc-set by a tonal interval vector
(TIV), the weighted discrete Fourier transform of its chroma vector. The chroma vector of a pc-set
is a 12-dimensional binary vector, where each entry represents the inclusion of the corresponding
pitch class in the collection. Figure [2| shows the chroma vectors of the chords in Figure |1, The
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Figure 2: The chroma vectors of the C major chord (left), C minor chord (center), and G7 chord
(right). By representing each included pitch as a separate dimension, the chroma vector can be
interpreted as a discrete signal. Using the DFT on these signals yields a Tonal Interval Vector in
frequency space, which encodes many harmonic relationships.

chroma vector can be viewed as a discrete signal, motivating the use of the weighted DFT to define
the corresponding TIV as
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where ¢ = Z;l:o c(n) is the energy of the chroma vector [1]. While T(k) € C is defined for all
k € Z, we will only consider k € {1,...,6}, as T(0) is the sum of the signal, which is normalized
to 1, and the DFT of a real-valued signal is symmetric about the midpoint of the length of the
signal. Each of the entries in the TIV encode different intervals between the notes in the chord, as
shown in Figure 3l The weights w scale each interval according to its harmonic importance, with
w =[2,11,17,16,19,7] as proposed in [1] according to empirical listening tests.
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Figure 3: Illustration from [1] of the T(k) values and corresponding harmonic intervals for the C
major chord (left-most chord in Fig.[lJand 2). The real and imaginary parts of T(k), k =1,...,6, are
plotted on the x- and y-axes, respectively, as a red square in left-to-right, top-to-bottom order. The
shaded regions display the range of possible values, bounded by regular polygons with vertices
given by the TIVs of the single-note chroma vectors. Not to scale.



We consider three metrics for comparing TIVs which have corresponding musical interpreta-
tions. The L, norm of a TIV represents the consonance of the chord [2]:

Tl = (2)

While useful for evaluating general chords, the consonance ||T|| of major and minor chords are
identical; since all chords on the Tonnetz are major or minor chords, we will not consider this in
our evaluation. The Euclidean distance between two TIVs represents their perceptual distance [2]:

6
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The distance d is small for chords which are parsimonious, or share the majority of their notes. This
is useful for comparing two TIVs with the same energy, or number of notes. The angle between
two TIVs measures how well two pitch profiles are aligned [13]:

-1 9%(Tl : TZ)

0(Ty, T2) = cos .
Tl T2l

(4)
The angle 0 is useful for evaluating the harmonic function of a chord in a key [2]. Using these
metrics, we can express a number of musically relevant relationships between chords, which we
discuss further in Section 3l

2.2 The Tonnetz

Toward the goal of producing tonally coherent chord progressions, we will utilize the Tonnetz, a
representation of musical pitches as vertices on a simplicial mesh [16]], originating from Leonhard
Euler and later made popular by Hugo Riemann in the 19th century as a component of Riemannian
music theory. The Tonnetz represents each of the 12 pitch classes as vertices on a simplicial lattice,
wherein each of the three simplicial axes orders the notes according to a given interval [16]: the
minor third (3), major third (4), and perfect fifth (7). Then, each triangle in the lattice represents a
chord, given as the pc-set of its three corners. This construction results in edge-adjacent triads in
the Tonnetz sharing two notes and vertex-adjacent triads are sharing one note; this property ensures
that chord progressions resulting from a continuous trajectory on the Tonnetz should exhibit strong
parsimonious voice-leading and have small Euclidean distances in the TIV space. Figure [#shows
the Tonnetz with the pitch classes labeled. Since we consider pitch classes to be periodic, the
Tonnetz is a doubly-periodic domain. We specifically seek a flat, rectangular, and doubly-periodic
domain, so our representation of the Tonnetz has a large number of repeated vertices, which can
be interpreted as different inversions, or orders, of the same chord. This fact will be important
later when we discuss the mapping between the chaotic trajectory and the Tonnetz. In general,
however, the Tonnetz can be formulated as the twisted product of a circle and a higher dimensional
sphere, in our case another circle, with no repeated vertices [16]. One important limitation of the
Tonnetz is that it is restricted to modern Western tonal harmony, and particularly, 12-tone equal
temperament [16]. It may be possible to define a similar space for other tuning systems, but we
leave this for future work.
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Figure 4: The Tonnetz with the pitch classes labeled. The major and minor triads are shown in red

and blue, respectively. Both the top and right side contain duplicated phantom notes for visual

clarity, as the edges are both periodic.



2.3 The Double Pendulum Chaotic Attractor

Our method requires an appropriate chaotic attractor as well as a mapping to generate chord
progressions. We use the double pendulum as our chaotic attractor, as it has two loosely-coupled
periodic degrees of freedom to be mapped onto Tonnetz. The double pendulum system consists of
two masses, m; and my, ordered by their proximity to the origin, connected to the origin and each
other by rigid rods of length {; and {,. The angles 01 and 0, are measured counter-clockwise from
the negative y-axis, and the angular velocities w; and w; are shown as red arrows with dashed
lines in Figure (5, Mathematically, the double pendulum kinematics are described by the following

21 t=90.0

Figure 5: Visual representation of the double pendulum system at t = 90s with m; = m, =1 and
bh=0=1.



system of first-order differential equations [12]:

01 = wy )

0, = wy (6)

—g(2my + myp) sin 01 — mygsin(0; — 20;) — 2sin(67 — ez)mz(w§£2 + w%& cos(01 — 67))
€1(2mq + my — my cos(2(01 — 67)))

_ 2sin(81 — 62)(witi(my + my) + g(my + my) cos B + w3lymy cos(81 — 62))

@2 = £ (2my + my — my cos(2(01 — 07))) ’

w1 =

)

(8)

where g = 9.81 is the acceleration due to gravity. The double pendulum exhibits chaotic behavior
for sufficiently large initial angles, regardless of pendulum parameters [15].
We map the angles 01 and 0, of the double pendulum onto the Tonnetz by the following:

01— 067 mod 167 )
02 — 0, mod 127 (10)

This mapping is chosen so that the periods of 81 and 0, are the same as the period of the major
third and minor third axes of the Tonnetz. Functionally, this means that the double pendulum
trajectory will make one full rotation around the x-axis of the Tonnetz after eight full rotations of
the inner pendulum and one full rotation around the y-axis of the Tonnetz after six full rotations of
the outer pendulum. Our symbolic dynamics considers only the sequence in which each triangle
on the mesh is visited, discarding any notion of time.

2.4 Software

The double pendulum, Tonnetz, and RK4 solver were all implemented with entirely custom Julia
code. All plots of the pendulum, trajectories, and the Tonnetz were generated using the Makie. j1
package [6]. Synthesis and analysis of the chord progressions was done using the music21 library
for Python [4], which has built-in support for analysis of progressions of pc-sets. Implementation
of tonal interval space metrics and related plots for evaluating the quality of the chord progressions
additionally use the TIV.1ib [13] and matplotlib [9] Python packages.

3 Results

3.1 Double Pendulum Trajectory and Chord Progressions

In the following, we consider the double pendulum system with m; = my; =land ¢; = {, = 1.
Additional simulations with different parameters were performed, but the results were qualita-
tively similar to those presented here. We use the initial conditions 681(0) = 7, 02(0) = m— 0.3 and
w1(0) = wy(0) = 0, which are close to the unstable equilibrium point of the double pendulum
system, ensuring the trajectory exhibits chaotic behavior. The state-space trajectory modulo 27t of
the double pendulum is shown in Figure|[6]

When mapped onto the Tonnetz, the trajectory of the double pendulum produces a sequence of
chords, as shown in Figure[/] For visualization purposes, a temporal section of the trajectory with
period 0.125s is shown in Figure |8, We include an excerpt of the total generated chord progression



300

RN e/ R
L oA ANy

I IR &\\‘g
| %ﬂw\(‘? “*Pﬁ”\ ‘f.

i
’_

1.6m4 !

i ‘?@”
A
127 ,__,-? %\\

,céi?" N
| T3 \%
POV
m&i\\ ,

200

Time

§’

150
N "‘n <
ORI ' y

0.47 - Qt\“ \‘\\Q&\\\N B V. / "o b

?“N s S 2 )
RIS 7 RN
O.bﬂ' 0.2171' O.|87r 1.|27r 1.671' 2.67‘1’

0,

Figure 6: Angular positions of the double pendulum modulo 27t from time t = 60s to t = 300s.
The color of the trajectory represents the time, with cooler colors representing earlier points in
the trajectory and warmer colors representing later ones. The trajectory is chaotic with a strange
attractor near 61 = 6, = 0.
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trajectory represents the time, with cooler colors representing earlier points in the trajectory and
warmer colors representing later ones. The x-axisis (61 mod 167) and the y-axisis (62 mod 127).

This visual provides some validation for our choice of mapping,

Figure 7: The trajectory of the double pendulum mapped onto the Tonnetz. The color of the
through large portions of the Tonnetz before reversing direction.

The color of the

trajectory represents the time. The relative angular velocities of the double pendulum are far more

Figure 8: Temporal section of the trajectory in Figure EI with period 0.125s.
apparent than in Figure ﬂ with regions of high velocity marked by longer arrows.
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Figure 9: Excerpt of the chord progression generated by the double pendulum trajectory mapped
onto the Tonnetz. The pc-sets are converted to chords using the music21 library and typeset using
MuseScore

in Figure[9] as the full progression is too long to include here.

3.2 Chord Progression Analysis

Since we aim to produce chord progressions which are tonally coherent, it is important to choose
a metric to evaluate the quality of the progressions. In [10], the authors propose a metric for
evaluating what they call tonal fitness, consisting of tonal pitch distance, surface dissonance, voice
leading, and hierarchical structure. While all of these are important for a larger composition, we
will focus on the tonal pitch distance, divided into the perceptual distance between subsequent
chords and how well a chord fits within the key of the progression, and voice leading distance,
which measures the melodic attraction of two consecutive chords, as these metrics are relevant for
short chord progressions [10]. Since adjacent triangles on the Tonnetz share one or two notes, we
expect that the chord progressions generated will have high voice leading. Each component of the
tonal fitness metric is calculated in the TIS.

We consider two components of the tonal pitch distance. First, the perceptual distance d(T;, T_1)
between subsequent chords quantifies their musical similarity, with smaller distances indicating
more related chords. The perceptual distance is given by the normalized Euclidean distance
between their TIVs. Second, the key unrelatedness quantifies how well a chord is aligned with the
key of the composition, with lower values indicating a better fit with the key. Denote the TIV of
the diatonic pitches of the key as Ty . We consider only the major and minor modes, as they have
the same consonance [2]. Then, the key unrelatedness is given by

K(Ti, Tiey) = 0 (Ti, Tiey) s (11)

where 0 is the angular distance normalized to [0, 1] for all pairs of keys and triads. Figureshows
the key unrelatedness of all triads from the key of C, colored according to the number of pitches
in the triad which are part of the key.

MuseScore 4 is a free, open-source (GPL-3 licensed) music composition program. More information is available at
MUSESCOre.org
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Figure 10: Key unrelatedness, or normalized angular distance, of all triads from the key of C,
colored according to the number of pitches in the triad which are part of the key. The chords are
also ordered according to their key unrelatedness values. This metric has high categorical accuracy,
with each set of triads occupying a distinct range of metric values. Additionally, the boundaries
between each class show a noticeable jump in metric value, further aiding its classification potential.

We also consider the voice leading distance, which measures the melodic attraction of two
consecutive chords. The voice leading distance d, between two TIVs T; and T;_; is given by

~ 3
ATy, Toe
av (1, T = Sy n), 12
=1

where ny, is the note of the {th voice of the ith chord and v is the per-voice voice leading distance.
The per-voice distance is defined as

v (ne_,,ng) =05 (1 — COS(B(Tnei,Tkey))) e05(s75), (13)

where s is the number of semitone steps between n¢, and n¢, ,. The exponential term penalizes
large jumps between notes in a single voice and is scaled such that the maximal average distance of
five semitones results in a scaling value of one. Since the Tonnetz naturally results in parsimonious
voice leading, we compute the voices by taking the three notes of the chord which are closest to the
notes of the previous chord. The 8 term is the normalized angular distance between the TIV of the
note and the key of the chord progression, which penalizes voices for which the new note is outside
of the key. This metric is inspired by the voice leading distance metric used in [10], which differs
in that they use the Euclidean distance of the note from the key, rather than the angle, and they
divide d, by the Euclidean distance between the two chords. We found that using the angle results
in greater stratification of the metric values, which is useful for classification. Moreover, dividing
by the Euclidean distance results in musically incoherent voice leading distances? Instead, we

2Specifically, dividing by the Euclidean distance causes parsimonious progressions, or progressions where two of the
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multiply by the perceptual distance between the two notes; this leads to parsimonious progressions
having minimal voice leading distances.
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Figure 11: Voice leading distance from the C major triad (pc-set (0,4, 7)) to all triads with respect
to the key of C. The values are colored according to the number of pitches in the triad which are
part of the key. For comparison, the chords are ordered the same as in Figure There is a clear
region containing all three parsimonious progressions, which are labeled individually on the plot.
Unlike in Figure[10} the voice leading distance has more overlap across the key boundary.

We divide the generated progression into sub-progressions of length n = 3,4,6, common
lengths of chord progressions in contemporary music. The key of each sub-progression is estimated
using the Krumhansl algorithm as implemented by music21 [4]. Other methods for key estimation
directly within the TIS are considered in [1], but we found that the music21 method was sufficient
for our purposes. Figure|12|shows the mean and standard deviations of the metric values within
the sub-progressions for each of the chord progression lengths. As expected, the progressions
show exceptional and consistent voice leading, with the voice leading distance being near 0.1 for
all progressions. The perceptual distance is also consistently low across progressions. The key
unrelatedness shows far more inconsistency across progression length, which is to be expected,
as movement across the Tonnetz can result in rapid key changes. Despite this, the three-chord
progressions show impressive consistency in key unrelatedness.

4 Discussion and Future Work

ChordDyn is a method for generating chord progressions using a chaotic double pendulum tra-
jectory mapped onto a musically-inspired symbolic dynamics. The resulting chord progressions
generated by this method show high voice leading and are tonally coherent. Future work could
include a more thorough analysis of the chord progressions generated by this method, including

pitches are shared between chords, to be given substantially larger voice leading distances. Incidentally, parsimonious
progressions are the primary kind of progression we expect from continuous functions on the Tonnetz
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Figure 12: Metric values of chord progressions generated using the double pendulum, averaged
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over all chord progressions of length n = 3,4, 6.
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integration of hierarchical tension and harmonic function, and a comparison of the chord progres-
sions generated by the double pendulum to those generated by other chaotic systems. The method
presented here could be extended generate progressions including diminished and augmented tri-
ads, seventh chords, and other chord types using existing extensions to the Tonnetz, such as adding
additional axes. Such changes would require a different chaotic attractor, although one trivial
option would be to use a triple (or quadruple, etc.) pendulum. Additionally, it may be possible
to define different chord spaces for tuning systems beyond Western 12-tone equal temperament,
such as Carnatic Indian classical music, which views pitches as regions rather than points [14];
the resulting chord spaces may then be more suited to continuous chaotic mappings rather than
symbolic ones. Finally, the method presented here could be extended to generate other musical
structures, such as melodies or rhythms, by mapping the trajectory onto other musically-inspired
symbolic dynamics.
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