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Abstract
Traditional Newton methods with load and displacement control are unable to solve prob-

lems with limit points, bifurcations, and snap-through instabilities. Arc-length continuation
methods are a powerful tool for solving these problems, but are not natively supported in PETSc
(Portable, Extensible Toolkit for Scientific Computation). This work implements two arc-length
continuation methods in PETSc: Crisfield’s method with partial corrections and the normal-
plane constraint method. Due to the composable nature of PETSc solvers, these methods can
be used as a replacement for pseudo-time stepping approaches to static problems or as a com-
posed solver for quasistatic and dynamic problems with time integration. To support the latter,
this work implements a novel method for bounding the load parameter with a hybrid arc-length
and Newton method in the final increment. The implementations are verified using a 3D large
deformation buckling test, where they outperform the standard Newton method with pseudo-
time stepping in terms of convergence and accuracy.

1 Introduction

PETSc (Portable, Extensible Toolkit for Scientific Computation) is a widely-used software library
for the parallel solution of partial differential equations [2]. It provides a variety of composable
linear and nonlinear solvers, as well as tools for mesh management and parallel I/O. One of the
most powerful features of PETSc is its ability to solve problems on unstructured meshes, which
are often used in complex geometries, as well as its built-in scalable framework, allowing the same
program to be run on laptops and cutting-edge supercomputers. However, the current version
of PETSc does not provide a built-in arc-length continuation method, limiting its utility for many
solid mechanics applications. These include problems with bifurcations [6, 4, 10], fracture and
snap-through instabilities [17, 5], buckling [11, 12], strain-softening [4], and other phenomena that
are difficult to capture with standard Newton-style solvers. Beyond solid mechanics, arc-length
continuation has had success in other numerical simulations, such as electrodynamics [18], shock-
wave propagation [15], and thermomechanics [1].

This work implements two approaches to arc-length continuation in PETSc as nonlinear solvers
(SNES): Crisfield’s method [6] and the normal-plane constraint method [10, 11]. Both methods
are suitable to large scale problems, as they preserve the symmetry and structure of the tangent
stiffness matrix, allowing for efficient solution of the linear systems. They differ in complexity,
accuracy, and computational cost, but each have their own advantages and disadvantages. A com-
prehensive review of arc-length continuation methods and extensions thereof is provided in [12].
This work implements some of the extensions proposed in the literature, such as partial correc-
tions to the load parameter [19, 12] and the ability to choose between a spherical and cylindrical
constraint surface [12].

To verify the implementation, we extend upon the large deformation nonlinear buckling test in
∗This report is available under CC-BY 4.0
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PETSc SNES Tutorials ex161 to support arc length continuation of both point and body loading of
an arch which undergoes a snap-through instability. Additionally, we implement a 3D version of
the Lee frame snap-through test [7] to verify the ability of the arc length continuation methods to
capture snap-through instabilities and reversed loading paths.

2 Arc Length Continuation Method

Consider the general nonlinear system of equations in residual form for x ∈ ℝ= and ':ℝ= → ℝ= ,

X(x) = 0. (1)

The arc-length continuation method solves eq. (1) by parameterizing part of the residual function
X with the load parameter �, yielding the equilibrium equations and the constraint equation as

X(x ,�) = L int(x) − Lext(x ,�) = 0, (2)
5 (∆x ,∆�) =‖∆x‖2 + #2∆�2 − !2 = 0, (3)

where ! is the arc length step size, #2 ≥ 0 is a consistency parameter controlling the shape of the
constraint surface, ∆x and ∆� are the incremental updates from the last equilibrium state, and L int

and Lext are the internal and external forces, respectively. Often, Lext(x ,�) is linear in �, which can
be thought of as applying the external force in proportional load increments. One obvious use-
case for this is in solving a nonlinear system with a constant right-hand-side vector, where the load
parameter � is used to scale the right-hand-side vector. Generally, however, Lext(x ,�) may depend
non-linearly on � or x, or both.

Since the constraint equation eq. (3) has a step size !, it may be necessary to take multiple
increments in order to reach the desired load parameter �. Thus, these equations are solved via an
incremental-iterative method by updating the solution x and the load parameter �. The method
assumes that at the beginning of each increment =, the solution exactly satisfies the equilibrium
equations eq. (2). Then, the updated solution x= and load parameter �= are found via a series
of candidate solutions x(:)

= and �(:)
= iteratively updated through a Newton-Raphson method. We

denote by ∆x= and ∆�= the accumulated updates over the current load increment = and by �x(:)

and ��(:) the incremental updates at each iteration :.
The most straightforward approach to applying a Newton-Raphson method is to consider the

augmented (= + 1)-dimensional space of x and � and apply a Newton-Raphson method to solve
the linearized system of equations,[

Q(:−1)
= −W(:−1)

=

( 5∆x)(:−1)
= ( 5∆�)(:−1)

=

] [
�x(:)

=

��(:)
=

]
= −

[
X(x(:−1)

= )
f (∆x(:−1)

= ,∆�(:−1)
= )

]
, (4)

where Q(:−1)
= is the tangent stiffness matrix, W(:−1)

= is the tangent load vector, and ( 5∆x)(:−1)
= and

( 5∆�)(:−1)
= are the derivatives of the constraint equation with respect to ∆x and ∆�, respectively [8].

The tangent stiffness matrix  and tangent load vector W are defined as

Q(:−1)
= = Q(x(:−1)

= ,�(:−1)
= ) = %L(x(:−1)

= ,�(:−1)
= )/%x

W(:−1)
= = W(x(:−1)

= ,�(:−1)
= ) = −%L(x(:−1)

= ,�(:−1)
= )/%� = %Lext(x(:−1)

= ,�(:−1)
= )/%�.

1See https://petsc.org/release/src/snes/tutorials/ex16.c.html
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In the following, we will drop the (·)(:−1)
= unless necessary for clarity. In the simplest case, W is a

constant vector in �, which corresponds to proportional loading. Our implementation allows for
the user to provide a general function which computes W(x ,�) as well as automatically adds the
RHS vector, if provided.

While the monolithic formulation results in a nonsingular system, it also results in a non-
symmetric and non-banded stiffness matrix, which can be computationally expensive to solve [8].
However, these issues can be mitigated via a splitting of the solution update into two components
first proposed in [3] for a generalized displacement control method. Specifically, we split the solu-
tion update into two components

�x = �B�x' + ���x& , (5)

where �B = 1 unless partial corrections are used (discussed more below). Each of �x' and �x& are
found via solving a linear system with the tangent stiffness matrix Q,

Q�x' = −X(x ,�)
Q�x& = W(x ,�),

where W is the tangent load vector as defined above.
During the first iteration of each increment, the predictor stage, the update to the load parameter

�� is chosen such that the constraint equation is exactly satisfied. In subsequent iterations, the
corrector stage, there are multiple approaches to choosing ��, discussed in detail below.

2.1 Quadratic Constraint Surface and Linearized Equilibrium Line

Considering the augmented = + 1 dimensional space of x and �, the constraint equation eq. (3) can

be reframed as a quadratic surface centered at the prior equilibrium point t=−1 =
[
x=−1
�=−1

]
,

!2 = ‖∆x‖2+#2(∆�)2 =



x(:)

= − x=−1




2
+ #2

(
�(:)
= − �=−1

)2
, (6)

where ! is the radius of the constraint surface, ∆x and ∆� are the accumulated updates over the
current load increment, and #2 determines the shape of the constraint surface. Generally, #2 > 0
leads to a hyper-sphere constraint surface, while#2 = 0 leads to a hyper-cylinder constraint surface.
Additional parameters can be added to the constraint equation to allow for generalized hyper-
ellipsoids as in [12], but we do not consider these here.

We define the linearized equilibrium line to be the set of points for which the equilibrium equa-

tions eq. (2), linearized around the previous iterative solution t (:−1) =
[
x(:−1)

�(:−1)

]
, are satisfied. This

line is defined by the point t (:−1) +
[
�x'

0

]
and the vector t& =

[
�x&

1

]
. This provides a more intu-

itive meaning to %G& and %G' as the slope of the equilibrium line and the projected distance of the
candidate solution from the equilibrium line, respectively.

The arc length continuation method can be reframed as seeking the intersection of this lin-
earized equilibrium line with the quadratic constraint surface. Importantly, the constraint surface
is constant across the entire increment, but the linearized equilibrium line changes at each iteration
when a standard Newton-Raphson method is used, as in our implementation. There are additional
approaches in [12] which change the constraint surface at each iteration to improve convergence
properties, but these are not considered here.
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2.2 Choosing the Load Parameter

The load parameter update �� is chosen such that the candidate solution t (:) =
[
x(:)

�(:)

]
lies on the

constraint surface. We can find such updates by substituting ∆x(:) and ∆�(:) into the constraint
equation eq. (6) and solving for ��:

!2 =



∆x(:)

=




2
+ #2

(
∆�(:)

=

)2
=



∆x(:−1)

= + �B�x� + ��(:−1)�x&



2

+ #2
(
∆�(:−1)

= + ��
)2

Expanding this yields a quadratic in ��,

0(��)2 + 1�� + 2 = 0, (7)

where the coefficients 0, 1, and 2 are given by,

0 =



�x&


2

+ #2

1 = 2�x& ·
(
∆x(:−1) + �B�x'

)
+ 2#2∆�(:−1)

2 =



∆x(:−1) + �B�x'




2
+ #2

(
∆�(:−1)

)2
− !2.

This quadratic equation has two (possibly complex) roots, which can be found as

��(:) = −1 ±
√
12 − 402
20 =

{
�1

�2
(8)

This formulation is the basis for Crisfield’s method for choosing the load parameter update [6].

2.2.1 Predictor Load Parameter Update

For the first iteration from an equilibrium point, the quadratic equation eq. (8) can be simplified
further. Since we assume that the solution exactly satisfies the equilibrium equations at the be-
ginning of each increment, ∆x(:−1)

= = �x',(9) = 0 and ∆�(:−1)
= = 0. Thus, 1 = 0 and the equation

simplifies to a pair of real roots:

��(0)
= = ± !√

�x&

2 + #2

. (9)

Following [12], we choose the positive root for the first increment and choose the root based on the
prior increment for = > 0 as

sign(��(:)) = sign
(
�x& · ∆x=−1 + #2∆�=−1

)
. (10)

This choice is proven to be the correct forward direction along the equilibrium path in the neigh-
borhood of t=−1 [12].
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2.2.2 Corrector Load Parameter Update — Crisfield’s Method

Crisfield’s method uses the quadratic equation eq. (8) to choose the load parameter update at each
iteration. The correct root is chosen to be the one which results in the candidate solution t (:) closest
to prior iterative solution t (:−1). The approach proposed by [12] is evaluate the relative proximity
of the candidate solutions by maximizing

10 = �x& · ∆x(:−1) + #2∆�(:−1) ,

leading to the choice

��(:) =

{
�1 if 10�1 > 10�2

�2 otherwise.
(11)

This method encounters issues, however, if the linearized equilibrium line and constraint sur-
face do not intersect, which can occur if there is a particularly large linearized error. In this case,
the roots are complex. One option is to reduce the step size, but this failed to resolve the issue of
complex roots in our testing. Instead, one can use a partial correction by choosing �B such that the
quadratic equation has a single real root [19, 12]. Geometrically, this is selecting the point on the
constraint surface closest to the linearized equilibrium line.

For completeness, we include the procedure from [12]. The proper choice of �B can be found
by writing the coefficients of eq. (7) as

0 = 00 , 1 = 10 + 11�B, 2 = 20 + 21�B + 22�B
2 ,

where,

00 = ‖�x&‖2+#2 20 = ‖∆x(:−1)‖2+#2(∆�(:−1))2 − !2

10 = 2�x& · ∆x(:−1) + 2#2∆�(:−1) 21 = 2�x' · ∆x(:−1)

11 = 2�x& · �x' 22 = ‖�x'‖2.

Then, it follows that 12 − 402 > 0 if and only if 0B�B2 + 1B�B + 22 > 0, where

0B = 12
1 − 40022 , 1B = 21110 − 40021 , 2B = 12

0 − 40020.

Thus, the partial correction is chosen as the maximum root of 0B�B2 + 1B�B + 22 = 0,

�B =
−1B +

√
12
B − 40B22

20B
. (12)

Using this partial correction, the load parameter update is then chosen as the single real root of

00(��)2 + (10 + 11�B)�� + 20 + 21�B + 22�B
2 = 0. (13)

2.2.3 Corrector Load Parameter Update — Normal Hyperplane

This option is simpler and computationally less expensive, but may fail to converge, as the con-
straint equation is not satisfied at every iteration. This approach was originally proposed by Ramm
in [10] as a means to avoid the need to find the roots of eq. (7) at each iteration. The implementation
we use is based on primarily on [14].

Rather than requiring the constraint to be satisfied at each iteration, the update �� is chosen
such that the update is within the normal hyper-surface to the equilibrium curve in the augmented

5



space. To this end, the updated tangent vector to the equilibrium curve is defined as the current

incremental update t̂ (:−1) =
[
∆x(:−1)

∆�(:−1)

]
. Then, the update �� is chosen such that

[
�x
��

]
is orthogonal

to t̂ (:−1). Mathematically, this is equivalent to choosing �� such that

0 = ∆x(:−1) · �x + ∆�(:−1)��

= ∆x(:−1) · (���x& + �B�x') + ∆�(:−1)��.

Solving for ��, and noting that �B = 1, yields

�� = − ∆x(:−1) · �x'
∆x(:−1) · �x& + ∆�(:−1) . (14)

The original proposed version of this method used the initial tangent vector t̂ (0), but this is far less
robust than the updated tangent approach [14].

2.3 Bounding the Load Parameter

To support generalized loading conditions, we assume that � ∈ [�min ,�max], where, by default,
�min = 0 and �max = 1. This formulation assumes that the loading can be defined as a parametric
function of �. To allow for this nonlinear solver to be used as the internal solver for a time-stepping
method, we must ensure that � = �max exactly at the end of the final load increment. This can be
accomplished by clamping � to [�min ,�max] before computing the solution update. This operation
is equivalent to choosing the candidate solution on the linearized equilibrium line near to its inter-
section with the constraint surface (but not necessarily on it); in other words, the constraint surface
is dynamically resized to exactly satisfy � = �max. Practically, this results in a hybrid of arc length
continuation and normal Newton iterations during the final load increment. This method still en-
sures quadratic convergence of the Newton iterations, while ensuring that the final load parameter
is exactly �max. To our knowledge, this is a novel approach for ensuring the solution from the arc
length method is directly comparable to a standard Newton method.

3 Verification

Both arc-length continuation methods were implemented in PETSc as nonlinear solvers (SNES) and
verified using two large deformation nonlinear buckling tests. The implementation is available in
the PETSc repository2 and the verification tests are available on GitHub3. The implementation
allows for generalized external forces via a user-provided function to compute the tangent load
vector W, as well as natively supports an arbitrary level of parallelism through any of the PETSc
discretization management interfaces.

To verify our implementation, we extended the nonlinear arch buckling test in SNES Tutorials
ex16 to support arc length continuation of both point and body loading. This example uses a 3D
St. Venant-Kirchhoff constitutive model with finite deformations.

2See https://gitlab.com/petsc/petsc/-/merge_requests/7502.
3See https://github.com/zatkins-dev/arc-length-verification.
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3.1 Constitutive Equations

The constitutive equations for the Saint Venant-Kirchhoff model are given by a linear relationship
between the Piola-Kirchhoff stress tensor Y and the Green-Lagrange strain tensor K,

Y = 2�K + � tr(K)1, (15)

K = 1
2

(
L)L − 1

)
, (16)

L = ∇^u + 1, (17)

where L is the deformation gradient, 1 is the second-order identity tensor, ∇^u is the gradient of
the displacement field u with respect to the initial configuration ^ = x − u, and � and � are the
Lamè constants [16]. This constitutive model has limited utility for large strains, but is commonly
used for analysis of snap-through behavior for beam and shell elements [16].

3.2 Weak Form and FEM Discretization

The weak form of the equilibrium equations is given by: find u ∈ + ⊂ �1 (Ω0) such that∫
Ω0

∇v .. (L · Y) dΩ0︸                    ︷︷                    ︸
L int

−
∫

Ω0

v · f38BC dΩ0︸               ︷︷               ︸
Body Loading

−
∫

Γ?
v · f? d�︸          ︷︷          ︸

Applied force BCs

= 0, ∀v ∈ +, (18)

where 5dist is the distributed body force and f? is the point force applied on the boundary Γ? ⊂ %Ω0.
The left-most term is the internal force and the remaining terms are the external forces, which are
treated as linear in the load parameter �. The weak form is discretized using a standard Galerkin
finite element method with linear hexahedral elements. The PETSc example already implemented
the discretization and the tangent stiffness matrix, so we exclude their description for brevity.

3.3 Results

3.3.1 Arch Buckling Test

The arch buckling test was already implemented into the PETSc example and originates from a
2D problem in [16]. This test uses a 60 degree arch with a inner radius of 100 mm, an outer radius
of 103 mm and a thickness of 3 mm. The arch uses a St. Venant-Kirchhoff material model with
� = 0.48 and � = 40 GPa. We use a Q1 (8 node) hexahedral element mesh with a total of 50, 3, and
2 elements in the G, H, and I directions, respectively. The arch is loaded with a downward point
force of 12 kN at the nodes at the center of the arch. Each end of the arch is fixed along the H+ edge
and is free to pivot around the I axis. The I degrees of freedom are all constrained to be zero to
better replicate the 2D problem. See fig. 1 for a schematic of the arch.

In our experiment, we verify the arc length continuation method by comparing the results of
the arc length continuation method to the standard Newton method using backward Euler time
stepping. For the arc length methods, we use a step size of ! = 10 and a consistency parameter of
#2 = 1 (spherical constraint surface). For the Newton method and time stepping, we use a time
step of ∆C = 0.05. Figure 2a shows the force-displacement curve for the arch under point loading.
While both methods converge, the arc length methods converge more quickly, requiring 18 incre-
ments and 4 Newton iterations per increments for both Crisfield’s method and the normal plane
approximations. By comparison, the Newton method requires 20 increments and an average of
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Figure 1: Schematic of the arch buckling test.

(a) Force-displacement curve for the top-center node
of the arch buckling test.

(b) Deformed arch mesh at peak loading of 12 kN
along the top-center nodes of the arch.

Figure 2: Results of the arch buckling test.
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12.6 Newton iterations per increment. The first increment accounts for 103 of the total 251 Newton
iterations, with the final 11 increments requiring 5 iterations each. This is likely due to the large
jump along the force-displacement curve during the first increment of time stepping, which is not
present in the arc length methods. In fact, the arc length methods resolve the force-displacement
curve more regularly than the Newton method, despite having fewer increments. The final de-
formed mesh is shown in fig. 2b.

3.3.2 Lee Frame Snap-Through Test

The Lee frame snap-through test is a 2D problem from [7] which models snap-through instability in
a L-shaped frame. This test has been used extensively to verify arc length continuation methods [12,
8, 7, 13, 9]. Each side of the frame is 120 cm long, with a thickness of 2 cm in the H direction and
3 cm in the I direction as shown in fig. 3. Typically, this problem is solved using isoparametric,
geometrically-exact beam elements for which it has an analytical solution, but PETSc does not
easily support these elements and their implementation is beyond the scope of this work. Instead,
we use the same 3D St. Venant-Kirchhoff material model as in the arch buckling test. The material
properties are � = 0.3 and � = 720 MPa. Unlike in the prior test, we apply the downward force
as a body load with a force density of −1 kN/cm3 in the H direction within the greyed element in
fig. 3. The G and H displacements of the frame are fixed along the outside edges on the small right

Figure 3: Schematic of the Lee frame snap-through test.

and bottom faces, allowing it to freely pivot around either edge. The I degrees of freedom are all
constrained to be zero to better replicate the 2D problem.

This test is more challenging than the arch buckling test, as it involves a snap-through insta-
bility and reversed loading path, as well as multiple bifurcation points. In order to avoid some
bifurcations, we use a step size of ! = 10 and a consistency parameter of #2 = 1, leading to 495
load increments. Many of these increments are likely unnecessary, however, as the average number
of Newton iterations per increment is 4, with a maximum of 9. The number of increments could
be decreased by adapting the step size based on the convergence profile, which is a topic for fu-
ture work. Figure 4 shows the force-displacement curve and deformed configuration for the Lee
frame at several of the critical points along the loading path. As expected, the methods are able
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(a) Step 110, load and displacement limit point. (b) Step 171, load limit point.

(c) Step 255, displacement limit point. (d) Step 421, load limit point.

Figure 4: Deformed mesh of the Lee frame snap-through test at various critical points.

to capture the snap-through instability and reversed loading path. Newton’s method with time
stepping was unable to pass the first bifurcation point, which can be seen as the crossing point in
the force-displacement curve. Future work will implement beam elements to verify the results of
this test against other continuation methods.

4 Conclusion

The two arc length continuation methods are implemented in PETSc as new nonlinear solvers,
pending review and inclusion in the main repository. The methods are able to capture snap-
through instabilities and reversed loading paths, as well as multiple bifurcation points, in ways
previously impossible within PETSc. Additionally, the methods are able to solve some load-driven
problems with fewer iterations and increments than the standard Newton method while better
resolving the force-displacement curve. The methods are also able to handle problems with large
jumps in the force-displacement curve, such as the arch buckling test, which the Newton method
struggles with. While these methods may not be as efficient as the Newton method for some prob-
lems, they are able to solve problems that the Newton method cannot. By implementing them in
PETSc, this work will allow for the solution of a wider range of nonlinear problems in a portable,
highly parallelizable framework.
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